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1 In tro duction

In several well-known cryptosystemsthe essential operation is the computation
of multiples and linear combinations in an Abelian group law. We discussthe
secondoperation in a context, where subtraction and addition are equally
costly. The most prominent examplefor this situation is the group law on an
elliptic curve.

The standardmethod to computea multiple nP is the binary method, see[1,2].
It usesthe operationsdoubleand addP. If onewrites n in binary notation, the
onescorrespond to theseaddition operations. In our context the subtraction
of P is not more costly than the addition of P. This leads to the concept
of redundant expansions(cf. [3]). Now, the possibledigits are f 0; � 1g, and
� 1 corresponds to a subtractionof P, see,e.g., [4]. The representation is no
longer unique, and the goal is to �nd a representation with as many zerosas
possible,in order to have low complexity. This \Canonical Sparse Form" was
independently discovered by many authors, and we refer to [5] for a historic
account. It is sometimescalled nonadjacent form (NAF), since it may be
characterizedby the fact that from two adjacent digits at least one must be
a zero. Only about 1

3 of the digits are non-zeroin contrast to 1
2 in ordinary

binary expansion.The number of non-zerodigits in the NAF of n is called the
Hamming weight of n.

In [6] Solinasdiscussesthe problem of computing mP + nQ. Instead of com-
puting mP and nQ separately, onecan proceedasfollows. An approach using
unsigneddigit expansionswould use the doubling operations and occasional
additions of P, Q, or P + Q. Now, in instanceswhere subtractions are no
obstacles,onecan allow additions of P, Q, � P, � Q, P + Q, P � Q, � P + Q,
and � P � Q.

In order to describe this by digit expansions,we �x a few notations. Given
two integersm and n, a joint expansion of m

n is a matrix
�

x `
y`

� � � x0
y0

�
satisfying

x j ; yj 2 f 0; � 1g and

m =
X̀

j =0

x j 2j ; n =
X̀

j =0

yj 2j :

Its (joint) Hamming weight is the number of nonzerocolumns

#
n

j
�
�
� x j

yj
6= 0

0

o
:

If onehasa joint expansionof m and n, then a 1
1 corresponds to an addition

of P + Q, a � 1
0 to an addition of � P, etc. To keep the complexity low, the

goal is to create as many double zeros 0
0 in the joint expansionas possible.
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Solinasfound a canonicaljoint expansion,calledJoint SparseForm, which has
about 1

2 of the doubledigits beinga doublezero 0
0. This Joint SparseForm has

minimal joint Hamming weight amongall joint expansionsof two numbers m
n .

In this paper, wewant to gaina better understandingof the Joint SparseForm.
We start by consideringanother joint representation that we call SimpleJoint
Sparse Form. It has always the sameHamming weight as the Joint Sparse
Form (even more: the double zerosare in the samepositions). As the name
suggests,this form is simpler, and created in a lesselaborate way than the
Joint SparseForm. In Section2 we give an algorithm for its computation and
characterizeit in a syntactic way. Sincethe joint Hammingweight is the same,
we usethe Simple Joint SparseForm exclusively throughout this paper.

In Section3, we are interestedin geometricand topological properties of the
SimpleJoint SparseForm. We construct a transducerwith 9 (essential) states
that producesthe Simple Joint SparseForm from the binary expansionsof
two numbers x and y. Now each of these 9 states corresponds to a certain
area in the unit square,and we thus �nd a decomposition of the unit square
into 9 regionsof fractal type. It can be seenin Figure 2 as any of the four
subsquares(ignore the di�erent hatchings for the moment). It is proved that
these regionsare connected;their respective areasare computed, as well as
the Hausdor� dimensionof the boundaries(= 1:21: : : ). Pairs of numbers on
the boundarieshave usually two di�erent representations, but eight numbers
have even three! The coordinatesof theseeight points are computed.

The regionscorrespond to digits, and a fortiori to the Hamming weight of a
pair of numbers m, n. Five regionscontribute one to the Hamming weight
h(m; n), while the remaining four (of total area 1

2) contribute zero to it. In
Section4 we prove that

P
m;n<N h(m; n) � N 2

2 log2 N . Intuitiv ely, that is not
surprising, sincethere are about N 2 log2 N possiblepositions, and about half
of them are non-zero.The obtained formula is more precise,as it exhibits
a periodic oscillation of order N 2, and an error term that depends on the
Hausdor� dimensionmentioned before.Such a periodicity phenomenonis not
uncommonin digit counting problems.Our approach follows the elegant and
elementary method of Delange[7].

Section 5 exhibits a central limit theorem for the Hamming weight h(m; n).
It usesthe analytic machinery developed in [8]. With thesemethods, asymp-
totic expansionsfor expectation and variance can also be achieved, but the
oscillating term mentioned beforewould be lessexplicit in this way.

The last Section 6 brie
y discusseshigher dimensions.Solinas [6] remarks
that a generalizationwould require a higher-order analogueof the Joint Sparse
Form. The lack of such an analogueis also regretted by Avanzi [9]. While it
might be lessobvious to obtain such a higher dimensionalJoint SparseForm,
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basedon the descriptiongiven by Solinas,it is completelynatural whenstart-
ing from the ideasof the Simple Joint SparseForm, introduced and studied
in the present paper. And, indeed,we get an algorithm for it, show that it has
minimal Hamming weight, and characterizeit syntactically. The NAF has at
least a zero in two consecutive digits, and the (Simple) Joint SparseForm at
least a double zero in three consecutive double digits. Now the d-dimensional
Simple Joint SparseForm guaranteesa multiple zero amongany consecutive
d + 1 multiple digits.

2 Sparse Forms

2.1 Joint Sparse Form

Solinas[6] calls a joint expansion
�

x `
y`

� � � x0
y0

�
of integers x

y their Joint Sparse
Form, if

Of any three consecutive positions, at least one is a double zero; (2.1)
Adjacent terms do not have opposite signs,i.e., x j x j +1 6= � 1 and yj yj +1 6= � 1;

(2.2)

If x j x j +1 6= 0, then yj +1 = � 1 and yj = 0; (2.3)
If yj yj +1 6= 0, then x j +1 = � 1 and x j = 0: (2.4)

He provesthe following result:

Theorem 1 (Solinas) Every pair of integers x
y has a unique Joint Sparse

Form. This Joint Sparse Form minimizes the joint Hamming weightamongst
all joint expansionsof x

y .

Solinasalso gives an algorithm to compute the Joint SparseForm for given
integersor for given binary expansionsas input. His algorithm also accepts
reducedsignedbinary expansions,wherereducedmeansthat (2.2) is satis�ed.
We note that Solinas' Algorithm has to know x and y modulo 8 to calculate
the least signi�cant pair of digits of the Joint SparseForm, which meansa
look-aheadof two positions. The algorithm can be described by a transducer
which translatesa reducedsignedbinary expansioninto the Joint SparseForm
from right to left.
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2.2 Simple Joint Sparse Form

We describe a simple procedureto obtain a joint expansionof low weight; it
will turn out that this form has the same(i.e., minimal) Hamming weight as
the Joint SparseForm.

The keyobservation is that an odd integercanberepresented asx = (x ` : : : x1x0),
i.e., x =

P
j x j 2j with digits x j 2 f 0; � 1g, wherethe parity of x1 can be pre-

scribed by replacingx0 by � x0 if necessary.

We are given two integersx and y. If both are even, then we have no choice
and have to output 0

0 . If both numbers are odd, we choose x0
y0

appropriately
so that both, (x � x0)=2 and (y � y0)=2 are even, so that a 0

0 will be written
the next step. If, say, x is odd and y is even, then we choosex0 in such a way
that (x � x0)=2 � (y � 0)=2 (mod 2). This either leadsto 0

0 immediately in
the next step or in the following step. This proceduregeneratesa pair 0

0 after
at most 3 steps.It is summarizedin Algorithm 1.

Algorithm 1 Simple Joint SparseForm
Input: x and y integers
Output:

�
x `
y`

� � � x0
y0

�
Simple Joint SparseForm

j  0
while x 6= 0 or y 6= 0 do

x j  x mod 2, yj  y mod 2
if

�
x j
yj

�
=

�
1
1

�
then

if (x � x j )=2 � 1 (mod 2) then
x j  � x j

end if
if (y � yj )=2 � 1 (mod 2) then

yj  � yj

end if
else if x j 6= yj then

if (x � x j )=2 6� (y � yj )=2 (mod 2) then
x j  � x j , yj  � yj

end if
end if
x  (x � x j )=2, y  (y � yj )=2
j  j + 1

end while

It is clear that Algorithm 1 yields a joint expansion
�

x `
y`

� � � x0
y0

�
which satis�es
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the following syntactical rules:

If jx j j 6= jyj j , then jx j +1 j = jyj +1 j ; (2.5)
If jx j j = jyj j = 1, then x j +1 = yj +1 = 0: (2.6)

We call any joint expansionof x and y with digits f 0; � 1g, which satis�es
thesetwo rules a Simple Joint Sparse Form of x and y. Surprisingly, it turns
out that theserules are strong enoughto determinea unique joint expansion.

Theorem 2 Let x and y be integers. Then there is a unique (up to leading
0
0) joint expansion

�
x `
y`

� � � x0
y0

�
of x

y with digits 0, � 1 which satis�es the rules
(2.5) and (2.6).

Furthermore, the Simple Joint Sparse Form has the same joint Hamming
weightas the Joint SparseForm. Therefore, its joint Hamming weight is min-
imal amongstall joint expansions.

PR OOF. The existenceis proved by Algorithm 1.

Assumethat
�

x `
y`

� � � x0
y0

�
and

�
x0

`
y0

`
� � � x0

0
y0

0

�
are joint expansionssubject to (2.5)

and(2.6) of the samepair of integersx
y . Without lossof generality, minfj xj ; jyjg

is minimal amongall pairs of integerswith at least two expansions.This as-
sumption ensuresthat

�
x0
y0

�
6=

�
x0

0
y0

0

�
. Without lossof generality, x0 = � x0

0 6= 0.
This implies x1 6� x0

1 (mod 2). If 2 j y, then y0 = y0
0 = 0, and (2.5) implies

x1 � y1 � y0
1 � x0

1 (mod 2), a contradiction. Therefore,2 - y. Then (2.6) yields�
x1
y1

�
=

�
0
0

�
and

�
x0

1
y0

1

�
=

�
0
0

�
. This is a contradiction to x1 6� x0

1 (mod 2).

We already observed that (2.5) and (2.6) imply (2.1). It is clear that (2.3)
and (2.4) are ful�lled also. However in general, (2.2) is not satis�ed by a
Simple Joint SparseForm. Nevertheless,if x j +1 x j = � 1, our rules (2.5) and
(2.6) imply that jyj +1 j = 1 and yj = 0. Therefore, replacing x j +1 x j by 0x j +1

doesnot changethe joint Hamming weight. A �nite number of thesesimple
operationstransformsa SimpleJoint SparseForm into the Joint SparseForm
without changing the position (and therefore their number) of 0

0 . Minimalit y
follows from the minimalit y of the Joint SparseForm. 2

We emphasizethat the computation needsinformation modulo 4 only. It is
thereforeno morea surprisethat it can be realizedby a transducerwith look-
ahead of one only. This motivates the epitheton simple. We now construct
this transducer which readsthe binary expansionof x

y from right to left and
outputs their SimpleJoint SparseForm. Although in principle, wecouldadmit
arbitrary signedexpansionsasinput, we refrain from doing sosincethis would
lead to an automaton with 26 states.At any stage,the following information
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has to be available: the previously read pair of digits and the current pair
of digits and information about a possiblecarry, since a 1 may have been
replacedby � 1. Sincethe carry is addedto the previously read pair anyway,
we represent states by the sum of the previously read pair and the pair of
carries.This yields 9 statesrepresenting f 0; 1; 2g� f 0; 1; 2g. From someinitial
state, there is an edgeinto the appropriate state which reads the �rst pair
of digits but does not output anything. It is understood that we read some
leading pairs of zerosuntil no further carries are left, i.e., we reach state 0

0 .
We attach integer labels to states in a more or lessarbitrary fashion since
we will consideradjacencymatrices.The correspondencebetweentheselabels
and the pairs of carriesplus digits is as follows:

label 1 2 3 4 5 6 7 8 9

state 0
0

1
1

2
2

1
0

2
0

2
1

0
1

0
2

1
2

The resulting transducer is shown in Figure 1.

3 The Geometry of the Simple Join t Sparse Form

The aim of this section is to understand the Simple Joint SparseForm from
left to right. We are interestedto \know" in which state we are after k steps.
Figure 2 shows the situation for k = 11 and all pairs of integers0 � x; y �
212 � 1.

Figure 2 suggeststhat there is an underlying fractal structure. This structure
will be studied in this section.We will prove

Theorem 3 Thereexist9 disjoint openconnected subsetsof [0; 1]2, A1; : : : ; A9,
suchthat the pair of digits (xk ; yk) of the simpleJoint SparseForm of the pair
of integers(x; y) can becomputed from the indexi for which(f x2� k� 1g; f y2� k� 1g) 2
A i and the pair of digits (� k+1 ; � k+1 ) in the (classical) binary expansion of
(x; y). The union of the setsA i hasLebesguemeasure 1, and their boundaries
haveHausdor�-dimension 1:2107605332: : :. Furthermore, the index i decides
on the Hamming weightof the output, and the measure of the union of those
A i which yield positive Hamming weightequals 1

2.

It is clear that the k-th state when reading x
y in their classicalbinary expan-

sions

x =
JX

j =0

� j 2j ; y =
JX

j =0

� j 2j

dependson the k leastsigni�cant digits, i.e., x
y mod 2k only. The output digits
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0

1

7

4

2

8

5

39

6

0
0

� � "

0 1

� � "

1
0

�� "

1
1

� � "

0
0

�� 0
0

01 ��
00

1
0

�
� 0

0

1
1

� � 0
000 ��

01

1
0

�
� 0

�1 ; 1
1

�
� 0

1

01 ��
0�1

0
0

�
� 1

0

01 ��
�10

;
11 ��

10

1
0

�
� �1

0

0
0

� � 1
1

0
1

�� 1
�1

1
0

�� �1
1

1
1

� ��1 �100 ��
00

1
0

�� 0
0

0
1

� � 0
0

1
1

�
� 0

0

0
0

�
� 0

0

0
1

�� 0
0

1
0

� � 0
0

11 ��
00

0
0

� � 0
0

1
1

�� 0
0

0
1

�
� 0

0

10 ��
00

00 ��
�10

;
10 ��

10

0
1

�
� 1

0

1
1

�
� �1

0

0
0

�
� 0

�1 ; 0
1

�
� 0

1

10 ��
01

11 ��
0�1

Fig. 1. Automaton for calculating the Simple Joint SparseForm from the binary
expansionfrom right to left. The symbol " denotesthe empty word.

(xk� 1; yk� 1) in the Simple Joint SparseForm

x =
J +2X

j =0

x j 2j ; y =
J +2X

j =0

yj 2j

depend on the k + 1 least signi�cant digits, or equivalently, on the k-th state
and on (� k ; � k). Sincethe state is the interesting information to be found, we
renormalizepairs of integerslessthan 2k by dividing through 2k , which yields
points in the unit square.The above mentioned fractal would then result from
letting k tend to in�nit y. In order to prove convergencewe de�ne functions � k

on pairs of words of digits f 0; 1g of length k as follows

� k

 
� 1

"1

� 2

"2
� � �

� k

" k

!

=

 
� 1

"1

� 2

"2
� � �

� k

" k

!

� f 1; : : : ; 9g;
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1 1

4 4

5 5

7 72 26 6

8 8

9 9

3 3

1 1

4 4

5 5

7 72 26 6

8 8

9 9

3 3

x10 0 0 0 1 � 1 1 1 � 1 � 1

y10 0 1 � 1 0 0 1 � 1 1 � 1

color

Fig. 2. 11th state and output digits x10
y10

when reading all pairs x
y of integers up to

212 � 1. (The output digit x10
y10

of x
y is given by the \color" of the \pixel" in position

(x; y).)

wherethe expressionon the right meansapplication of the pair of words to all
states of the automaton in Figure 1. Thus the imageof � k is a set of states.
Furthermore,

� k+1

 
� 1

"1

� 2

"2
� � �

� k+1

" k+1

!

� � k

 
� 1

"1

� 2

"2
� � �

� k

" k

!

;

which implies existenceof the limit

�

 
� 1

"1

� 2

"2
� � �

!

= lim
k!1

� k

 
� 1

"1

� 2

"2
� � �

� k

" k

!

: (3.1)

The function � de�ned on (f 0; 1g � f 0; 1g)
�

is continuous in all points which
have a singleton image.

Remark 4 In the above description the sequence � k is calculated by the au-
tomaton in Figure 1 by reading digits from right to left. Certainly, it wouldbe
more desirableto havea description of � k in terms of the digits in \natur al"
order, i.e., from left to right. This is indeed possible:We construct an automa-
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ton with setof states(a subsetof) the set f 1; : : : ; 9gf 1;:::;9g. The transition from
state g by the pair of digits �

" wil l be denoted by g �
�

�
"

�
in order to avoid any

confusion. It is given by
 

g �

 
�
"

! !

(i ) := g

  
�
"

!

� i

!

for 1 � i � 9. The initial state is the identity map. It turns out that 750states
are actually reached. If wereacha constant mapg(i ) = j for all 1 � i � 9 after
reading

�
� 1
" 1

� � � � k
" k

�
, wehave�

�
� 1
" 1

� � � � k
" k

� � �
�

= f j g. In that way, weobtain one
singlepair of digits. However,it might happen that wedo not reacha singleton
after reading k digits for any �nite k.

We now want to prove that � descendsto a function on [0; 1]2 by

�

 
1X

n=1

� n2� n ;
1X

n=1

"n2� n

!

= �

 
� 1

"1

� 2

"2
� � �

!

:

For this purposewe note the simple facts that
 

�
"

�
"

!

� f 1; : : : ; 9g is a singleton (� ; " 2 f 0; 1g) (3.2)

and  
�
0

�
1

! k

� i =

 
�
0

�
1

! 2

� i (� ; " 2 f 0; 1g) (3.3)

for all k � 2 and all i 2 f 1; : : : ; 9g. In order to prove that

� k+ `

 
� 1

"1
� � �

� k

" k

1
" k+1

0
" k+2

0
" k+3

� � �
0

" k+ `

!

= � k+ `

 
� 1

"1
� � �

� k

" k

0
" k+1

1
" k+2

1
" k+3

� � �
1

" k+ `

!

for ` � 9 it is su�cien t by (3.2) and (3.3) to check

� 1
"1

0
"2

� � �
0
"9

�

� f 1; : : : ; 9g =
� 0

"1

1
"2

� � �
1
"9

�

� f 1; : : : ; 9g

for all choicesof (" 1; : : : ; "9). The sameproof applies if the �rst and second
coordinate are interchanged.Thus � is well-de�ned on [0; 1]2 and continuous
in all points which have a singleton image.

We want to describe the sets

A j = f (x; y) 2 [0; 1]2 j �( x; y) = f j gg;
Vj = f (x; y) 2 [0; 1]2 j j 2 �( x; y)g

topologically. The setsA j are open by the continuity properties of �. For a
point (x; y) 2 Vj and any k the su�x after k (most signi�cant) digits of the
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digital expansionsof (x; y) can be altered to (~x; ~y) sothat �( ~x; ~y) = f j g. This
implies A j � Vj � A j . On the other hand for a point (x; y) =2 Vj by a similar
argument a neighbourhood of this point is in the complement of Vj . Thus
Vj = A j .

Any neighbourhood of a point (x; y) with f i; j g � �( x; y) contains points
(x0; y0) 2 A i and (x00; y00) 2 A j by the above arguments. This implies that
(x; y) 2 @Vj and int (Vj ) � A j � Vj , which yields int( Vj ) = A j .

We now want to characterize the sets A j and Vj in the languageof graph
directed setsas introducedin [10]. For this purposewe introducethe maps

f � ;" (x; y) =

 
x + �

2
;
y + "

2

!

:

It is clear from the de�nition that

�( f � ;" (x; y)) =

 
�
"

!

� �( x; y): (3.4)

Equation (3.4) leadsus to the de�nition

F (S1; : : : ; S9) = (F1(S1; : : : ; S9); : : : ; F9(S1; : : : ; S9)) ; (3.5)

where
Fi (S1; : : : ; S9) =

[

j;� ;"
i =( � ;" )�j

f � ;" (Sj );

where Sk � [0; 1]2. SinceF acts as a contraction on the compact subsetsof
[0; 1]2, there exist uniquecompactsetsK 1; : : : ; K 9, such that F (K 1; : : : ; K 9) =
(K 1; : : : ; K 9). Thesesetscan be obtained as the limits of iterates of F of any
9-tuple of compactsets.From (3.4) we concludethat

Fi (A1; : : : ; A9) � A i ; (3.6)
Fi (V1; : : : ; V9) = Vi (3.7)

and thereforeVi = K i for i = 1; : : : ; 9.

Next we want to prove that the setsA j are connected.We introducethe open
sets

Oj = int

0

@
[

� 4 ( � 1
" 1

��� � 4
" 4

)= f j g

 
� 1

2
+ � � � +

� 4

16
;
"1

2
+ � � � +

"4

16

!

+
�

0;
1
16

� 2
1

A :

11



O1

O2

O3

O4

O5

O6O7

O8

O9

Fig. 3. Left: the setsOi .
Right: The dark gray areas represent the left image after one application of the
functions f � ;" .

Thesesetsare shown in the left imageof Figure 3. The setsOj are connected
and

Oj � Vj :

The right imagein Figure 3 shows that

Oi \ Fi (O1; : : : ; O9) 6= ; and thereforeOi [ Fi (O1; : : : ; O9) is connected.

From this it follows by induction that the sets

B i =
1[

`=0

�
F ` (O1; : : : ; O9)

�

i

are connected.Furthermore, B i is a denseopen subsetof Vi , since

(V1; : : : ; V9) = lim
k!1

F k(O1; : : : ; O9):

Thereforethe setsA i = int (Vi ) are connected.

In the following we want to study intersectionsof two or three setsVj . Clearly,
we have for pairwise distinct i; j; k

Vf i;j g := Vi \ Vj =
n

(x; y) 2 [0; 1]2 j f i; j g � �( x; y)
o

;

Vf i;j;k g := Vi \ Vj \ Vk =
n

(x; y) 2 [0; 1]2 j f i; j; kg � �( x; y)
o

:
(3.8)

Thesesetscan be generatedby the automata in Figure 4 and Figure 5. These
automata have the two (resp. 3) element subsetsof f 1; : : : ; 9g as their states
(only thosewhich correspond to non-empty intersectionsare drawn) and the
obvious transition functions. In order to generatea point in Vf i;j g we start in
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the state labeledwith i; j and follow the arcsin the reversedirection. The triple
intersectionsare singletonsets,which will be called \three country borders":

�� 1
5

;
2
5

��

= Vf 1;2;7g;
� � 1

5
;
3
5

��

= Vf 2;7;8g;
�� 2

5
;
1
5

��

= Vf 1;2;4g;
�� 2

5
;
4
5

��

= Vf 2;8;9g;
�� 3

5
;
1
5

��

= Vf 2;4;5g;
� � 3

5
;
4
5

��

= Vf 2;3;9g;
�� 4

5
;
2
5

��

= Vf 2;5;6g;
�� 4

5
;
3
5

��

= Vf 2;3;6g:

2; 32; 5

2; 81; 2

1; 7

1; 4 8; 9

5; 6

7; 8

3; 6

4; 5 3; 9

2; 4

2; 7

2; 9

2; 6

0
0

0
1

1 0

0
1

0
0

11
1

0

00

1
1

1
1

0 1

1
0

0
1

10

10

0
1

11

0
0

1
1

00

0
0

11

1
0

01

00

1
1

01

1
0

1
1

0
1

1
1

1
0

1
0

0
0

0
1

0
0

Fig. 4. The automaton generating the points in the setsVf i;j g.

Now, we want to compute the Lebesguemeasures� (Vi ) of the setsVi and the
Hausdor�-dimension of @Vi . It is an immediate consequenceof the de�nition
that

9[

i =1

Vi = [0; 1]2:

13



2; 7; 82; 4; 51; 2; 7

2; 3; 9

1; 2; 4

2; 3; 62; 8; 9 2; 5; 6
1111

1
0

1
0

0
1

0
1

00 00

Fig. 5. The automaton generating the \three country borders" Vf i;j;k g.

Furthermore, from (3.7) we can conclude

� (Vi ) �
1
4

X

j;� ;"
(� ;" )�j = i

� (Vj ): (3.9)

Summing theseinequalities for i = 1; : : : ; 9 we obtain

9X

i =1

� (Vi ) �
9X

i =1

� (Vi );

which implies that equality has to hold in (3.9) for all i = 1; : : : ; 9. Since

� (Vi ) =
1
4

0

@
X

j;� ;"
(� ;" )�j = i

� (Vj ) �
X

j <k ;� 1;� 2 ;" 1 ;" 2
(� 1 ;" 1)�j = i
(� 2 ;" 2)�k= i

� (Vj \ Vk) + triple intersections

1

A ;

and we know that the triple intersectionsconsistof singlepoints only, we can
concludethat � (Vj \ Vk) = 0 for j 6= k, and therefore the boundariesof the
setsVj have measure0. Furthermore, we have

P
i � (Vi ) = 1, which yields

� (V1) = � (V3) = � (V5) = � (V8) =
1
8

;

� (V4) = � (V6) = � (V7) = � (V9) =
1
16

;

� (V2) =
1
4

:

For computing the Hausdor�-dimension of the boundariesof the sets Vj we
notice that the setsVf i;j g de�ned in (3.8) satisfy the relation

Vf i;j g =
[

� ;"; f k;`g
(� ;" )�f k;`g= f i;j g

f � ;" (Vf k;`g): (3.10)

This observation brings us in the context of graph directed setsas introduced
in [10]. The box-dimensioncan be computed from the dominating eigenvalue

14



of the adjacencymatrix of the \b oundary automaton" given in Figure 4. This
eigenvalue is the positive root � of the equation

x3 � 2x2 + x � 4 = 0: (3.11)

This yields

dimB (@A j ) = � =
log�
log2

= 1:2107605332885233950: : : : (3.12)

For technical reasonswe introduce the set V10 = @[0; 1]2. Then we consider
the open sets

A f i;j g =
�

(x; y) 2 int (Vi [ Vj ) j 8k 2 f 1; : : : ; 10gnf i; j g : d((x; y); Vf i;j g) < d((x; y); Vk)
�

;

where d((x; y); K ) := minf d
�
(x; y); ( �x; �y)

�
j ( �x; �y) 2 K g for any compact set

K and whered denotesthe Euclideandistanceon R2. Thesesetssatisfy
[

� ;"; f k;`g
(� ;" )�f k;`g= f i;j g

f � ;" (A f k;`g) � A f i;j g (3.13)

with the union being disjoint. This is the open set condition which by [11,
Theorem 9.2] implies that the Hausdor�-dimension of Vf i;j g equals its box-
dimension.Thus we have

dimH (@A j ) =
log�
log2

= 1:2107605332885233950: : : : (3.14)

Figure 2 exhibits a rotational structure which hasnot beendiscussedyet. This
is a natural property of the underlying problem on elliptic curves:sincethere
is a symmetry in the algorithm described in the introduction betweenthe pairs
of points (P; Q) and (P + Q; P � Q) the map (x; y) 7! (x + y; x � y) should
preserve the structure of the setsA i . We will prove now that this is indeedthe
case.For this purposewe introducethe map T : (x; y) 7! (x + y mod 1; x � y
mod 1). This map satis�es

T(A2) � A1 [ A3 [ A5 [ A8; (3.15)
T(A4 [ A6 [ A7 [ A9) � A2;

T((A1 \ f 00(A2)) [ (A3 \ f 11(A2)) [ (A5 \ f 10(A2)) [ (A8 \ f 01(A2)))
� A4 [ A6 [ A7 [ A9;

T((A1 n f 00(A2)) [ (A3 n f 11(A2)) [ (A5 n f 10(A2)) [ (A8 n f 01(A2)))
� A1 [ A3 [ A5 [ A8:

Adding or subtracting two numbers given in their Simple Joint SparseForm
is digit-wise addition (or subtraction) and subsequent correction by the rule

15



(0; � 2) 7! (� 1; 0) by (2.6). We demonstraterelation (3.15); the proof of the
other relations is similar: let (x; y) be given in its Simple Joint SparseForm.
The condition (x; y) 2 A2 is equivalent to

x
y

=

 
0
0

:
:
1
1

�
"

�
�

� � �

!

(in Simple Joint SparseForm!),

since 2 is the unique state which produces two non-zero digits as output
(cf. Figure 2). Since� " = 0 we have

x + y
x � y

=
� 1

0
:
:
0
0

�
�

� � �
�

(in Simple Joint SparseForm).

Therefore, T(x; y) 2 A i for a state i , which producesthe output 0
0 , i.e., i 2

f 1; 3; 5; 8g.

4 Geometric Approac h for Estimating the Join t Hamming Weight

In this section we give a derivation for an asymptotic formula for the mean
of the Hamming weight of the Joint SparseForm. The proof follows the ideas
usedby H. Delangein [7].

Theorem 5 The Hamming weight of the Joint Sparse Form of two positive
integerssatis�es the following asymptotic formula

S(N ) =
X

m;n<N

h(m; n) =
N 2

2
log2 N + N 2 1(log2 N ) + O(N � ); (4.1)

where  1 is a continuousperiodic function of period 1 and � is givenby (3.12).

9.5 10 10.5 11

0.62

0.64

0.66

0.68

0.72

0.74

Fig. 6. Plot of S(N )=N 2 � 1
2 log2 N over log2 N for N = 512; : : : ; 2048.
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PR OOF. Theorem3 statesthat the contribution of the pair of digits (xk ; yk)
to the Hamming weight of the Joint SparseForm of the pair (m; n) equals

�

H

�� m
2k+1

�

;
� n

2k+1

� �

; whereH = int (V2 [ V4 [ V6 [ V7 [ V9):

Notice that � (H ) = 1
2. It follows immediately that

S(N ) =
KX

k=0

X

m;n<N

�

H

�� m
2k+1

�

;
� n

2k+1

��

=
KX

k=0

X

m;n<N

�

H k

�� m
2k+1

�

;
� n

2k+1

��

(4.2)
with K = blog2 N c + 2 and

Hk =
[

(m;n )2 2k +1 H \ �

2

[m2� k� 1; (m + 1)2� k� 1) � [n2� k� 1; (n + 1)2� k� 1): (4.3)

This enablesus to rewrite the sum as an integral

S(N ) =
KX

k=0

ZZ

[0;N ]2

�

H k

�� m
2k+1

�

;
� n

2k+1

� �

dm dn: (4.4)

Setting t = N 2� K 2 [1
4; 1

2), substituting m = 2K x and n = 2K y in the
integrals, and reversing the order of summation yields

S(N ) = 4K
KX

k=0

ZZ

[0;t ]2

�

H K � k

� n
2k� 1x

o
;
n
2k� 1y

o�
dx dy:

We rewrite this as

S(N ) =
1
2

(K + 1)(t2K )2 + 4K
KX

k=0

ZZ

[0;t ]2

�
�

H

� n
2k� 1x

o
;
n
2k� 1y

o�
�

1
2

�

dx dy

+ 4K
KX

k=0

ZZ

[0;t ]2

�
�

H K � k �
�

H

� � n
2k� 1x

o
;
n
2k� 1y

o�
dx dy: (4.5)

We remark that t is a rational number with denominator2K and thereforethe
integral

ZZ

[0;t ]2

�
�

H

�n
2k� 1x

o
;
n
2k� 1y

o�
�

1
2

�

dx dy = 0 for k > K ;

since � (H ) = 1
2. Thus we can extend the secondsummand in (4.5) to an

in�nite sum without changing its value. It is natural to de�ne the continuous

17



function

	( t) =
1X

k=0

ZZ

[0;t ]2

�
�

H

�n
2k� 1x

o
;
n
2k� 1y

o�
�

1
2

�

dx dy:

Simple computations yield 	( 1
4) = � 1

16 and 	( 1
2) = � 1

8.

Wenow treat the third summandin (4.5). For this purposewehave to estimate
the integral

ZZ

[0;t ]2

(
�

H ` �
�

H )
�n

2k� 1x
o

;
n
2k� 1y

o�
dx dy

=
ZZ

[0;2� k +1 b2k � 1 tc]2

(
�

H ` �
�

H )
�n

2k� 1x
o

;
n
2k� 1y

o�
dx dy+

ZZ

[0;t ]2n[0;2� k +1 b2k � 1 tc]2

� � � dx dy:

(4.6)

We set

� ` =
ZZ

[0;1]2

(
�

H ` �
�

H ) (x; y) dx dy

and remark that by the de�nition of the box dimension and the arguments
given in Section 3 we have � ` = O((�= 4)`), where � is given by (3.11).
Thus the �rst integral in (4.6) equals � ` (2� k+1 b2k� 1tc)2; the second inte-
gral is O((�= 4)`2� k), since it can be written as a sum over O(2k) integrals
over squaresof side-length 2� k+1 , and each integral gives a contribution of
O((�= 4)`).

Summingup we obtain

S(N ) =
N 2

2
(K +1)+4 K 	( t)+4 K

KX

k=0

 
b2k� 1tc

2k� 1

! 2

� K � k+4K
KX

k=0

O

 � �
4

� K � k

2� k

!

:

(4.7)
Rewriting this and observingthat the last summandis O(� K ) = O(N � ) we
obtain

S(N ) =
N 2

2
(K + 1) + 4K 	( t) + 4K t2

KX

k=0

� K � k

� 2 � 4K t
KX

k=0

f 2k� 1tg
2k� 1

� K � k + 4K
KX

k=0

f 2k� 1tg2

4k
� K � k + O(N � )

=
N 2

2
(K + 1) + 4K 	( t) + N 2

1X

k=0

� k + O(N � ); (4.8)
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wherewe have usedthat � k = O((�= 4)k). Inserting K = log2 N � f log2 N g+ 2
and using t = 2f log2 N g� 2 we obtain

S(N ) =
N 2

2
log2 N + N 2

 
3
2

�
1
2

f log2 N g + 42�f log2 N g	
�
2f log2 N g� 2

�
+

1X

k=0

� k

!

+ O(N � ):

(4.9)
We notice here that a simple computation involving the adjacencymatrix of
the automaton in Figure 1 provesthat

1X

k=0

� k =
3
16

:

The function

 1(x) =
27
16

�
1
2

f xg + 42�f xg	
�
2f xg� 2

�

is a periodic function with period 1, which is trivially continuous in [0; 1).
Furthermore,  1(0) = limx! 1�  1(x) = 11

16. Thus the theorem is proved. 2

5 Exp onential sums and Central Limit Theorem

In this sectionwe will prove a central limit theorem for the Hamming weight
of the Joint SparseForm.

Theorem 6 The following equation holds uniformly for all x 2 R and any
" > 0

1
N 2

#

8
<

:
m; n < N j

h(m; n) � 1
2 log2 N

1
4

q
log2 N

< x

9
=

;
=

1
p

2�

Z x

�1
e� t 2

2 dt+ O
�
(log N ) � 1

6 + "
�

:

(5.1)

The automaton for calculating the SimpleJoint SparseForm given in Figure 1
canalsobeusedto computethe Hammingweight of the representation (simply
map any output di�erent from 0

0 to 1). Furthermore, the Hamming weight
which results from a transition from i to j depends on i only, cf. Figure 2.
Therefore,there is no look-aheadneededfor calculating the Hamming weight.

For the proof of Theorem 6 we use exponential sums. For this purposewe
calculate

f (m; n) = eith (m;n )

in terms of the binary digits of m and n. For each pair of digits (� ; " ) we
de�ne a matrix M � ;" in the following way: its (k; `)-th entry equalseith , if the
automaton reads(� ; " ) and writes h while going from state k to state ` and 0
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otherwise(z = eit )

M0;0 =

0

B
B
B
B
@

1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 z 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 z 0 0 0 0 0
0 z 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 z 0 0
0 z 0 0 0 0 0 0 0

1

C
C
C
C
A

; M0;1 =

0

B
B
B
B
@

0 0 0 0 0 0 z 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 z
0 z 0 0 0 0 0 0 0
0 z 0 0 0 0 0 0 0
0 z 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0

1

C
C
C
C
A

;

M1;0 =

0

B
B
B
B
@

0 0 0 z 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 z 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0
0 z 0 0 0 0 0 0 0
0 z 0 0 0 0 0 0 0
0 z 0 0 0 0 0 0 0

1

C
C
C
C
A

; M1;1 =

0

B
B
B
B
@

0 z 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 z 0 0 0 0 0 0 0
0 0 0 0 0 z 0 0 0
0 0 1 0 0 0 0 0 0
0 z 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 z
0 0 1 0 0 0 0 0 0

1

C
C
C
C
A

:

Then it is an immediate consequenceof the de�nition of the matrices M � ;"

that

f (m; n) = ~vT
LY

`=0

Mm ` ;n ` M
2
0;0~v; (5.2)

for

m =
LX

`=0

m` 2` ; n =
LX

`=0

n`2`

and
~vT = (1; 0; 0; 0; 0; 0; 0; 0; 0):

The factor M 2
0;0 adds two leading 0s to the expansionsof m and n to output

the possiblecarriesthat could still occur.

The function f (m; n) canbeexpressedin termsof the \biv ariate 2-multiplicativ e
matrix function" (cf. [12])

M (m; n) =
LY

`=0

Mm ` ;n ` : (5.3)

We recall here that a (scalar) function ' is 2-multiplicativ e (cf. [13]), if

'

 LX

`=0

" `2`

!

=
LY

`=0

' (" `):

We now study the summatory functions

E(N ) =
X

m;n<N

eith (m;n ) ;

F (N ) =
X

m;n<N

M (m; n):

The function F satis�es the relations

F (2N ) =
1X

� ;" =0

X

2m+ � < 2N
2n+ "< 2N

M (2m + � ; 2n + ") =
1X

� ;" =0

M � ;" F (N )
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and

F (2N + 1) =
1X

� ;" =0

X

2m+ � < 2N +1
2n+ "< 2N +1

M (2m + � ; 2n + ")

=
1X

� ;" =0

M � ;" F (N ) +
X

n< 2N

M (2N; n) +
X

m< 2N

M (m; 2N ) + M (2N; 2N ):

Setting A =
P 1

� ;" =0 M � ;" and

G1(N ) =
X

n<N

M (N; n); G2(N ) =
X

m<N

M (m; N ) (5.4)

we can rewrite this as

F (2N ) = AF (N )
F (2N + 1) = AF (N ) + B1;0G1(N ) + B2;0G2(N ) + M 0;0M (N; N );

(5.5)

whereB1;0 = M 0;0 + M 0;1 and B2;0 = M 0;0 + M 1;0.

The functions G1 and G2 satisfy the recurrencerelations

Gi (2N ) = B i; 0Gi (N )
Gi (2N + 1) = B i; 1Gi (N ) + Ci M (N; N )

i = 1; 2; (5.6)

where B1;1 = M 1;0 + M 1;1, B2;1 = M 0;1 + M 1;1, C1 = M 1;0, and C2 = M 0;1.
Iterating (5.6) yields

Gi

 LX

`=0

" `2`

!

=
LX

`=0

" `

` � 1Y

j =0

B i;" j Ci

LY

j = `+1

M " j ;" j : (5.7)

Inserting (5.7) into (5.5) and iterating yields F (N ) = F0(N ) + F1(N ) + F2(N )
with (i = 1; 2)

F0

 LX

`=0

" `2`

!

=
LX

`=0

" `A` M0;0

LY

p= `+1

M " p ;" p ;

Fi

 
LX

`=0

" `2`

!

=
LX

`=0

" `A` B i; 0

LX

j = `+1

" j

j � 1Y

k= `+1

B i;" k Ci

LY

k= j +1

M " k ;" k :

(5.8)

The matrices M � ;" only have eigenvalues0 and 1. The matrices B i;" have the
characteristic polynomial

x6 (x � 1)
�
x2 � x � 2eit

�
;
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wherethe roots of the last factor are lessthan 2 in modulus. The characteristic
polynomial of the matrix A is

x (x � 1)
�
x2 � x � 2eit

� 2 �
x3 � x2 � 8eit x � 16e2it

�
:

The dominating eigenvalue � (t) is a root of the fourth factor and has the
following Taylor expansionaround t = 0

� (t) = 4 + 2it �
5t2

8
�

25it 3

192
+

131t4

6144
+ O(t5); (5.9)

furthermore, j� (t)j � 4. We will denote the modulus of the secondlargest
eigenvalue by � (t). Numerical studies show that 2 = � (0) � � (t) � � (� ) =
3:04276: : :.

Sincethe arguments follow the samelines as in [8], we only give a sketch of
the proof. We split the sumsin (5.8) into the contribution which comesfrom
the dominating eigenvalue and a remainder term, which originates from the
other eigenvalues. Let T � 1AT = diag(� (t); : : :) be the diagonalization of A
and � = T diag(� (t) � 1; 0; : : : ; 0)T � 1. We de�ne

	 0 ((x0; x1; : : :)) =
1X

`=0

x` � `M0;0

` � 1a

p=0

M xp ;x p

	 i ((x0; x1; : : :)) =
1X

`=0

x` � `B i; 0

` � 1X

j =0

x j

` � 1a

k= j +1

B i;x k Ci

j � 1a

k=0

M xk ;x k ;

(5.10)

where
` b

j = a zj = zbzb� 1 � � � za. Furthermore,weset 	 = ~vT (	 0+ 	 1+ 	 2)M 2
0;0~v.

The function 	 is continuouson the in�nite product spacef 0; 1g
�

0 . Using this
notation we can write

E(N ) = � (t) log2 N � (t)�f log2 N g	(( "L ; "L � 1; : : : ; "0; 0(1 ))) + O(N logN ):

SinceE(N + 1) � E(N ) = O(N ) by de�nition, 	 descendsto a continuous
function on [1; 2] by a generalargument given in [14]. Seealso [15].

Thus we have for jtj = o(log� 1
3 N )

X

m;n<N

eith (m;n ) = N 2+ it
2 log 2 � t 2

32 log 2 + O(t3 )  (t; log2 N ) + O
�
N log2 � (t )

�
(5.11)

for the continuous periodic function  (t; log2 N ) = � (t) �f log2 N g	(2 f log2 N g).
Di�eren tiation with respect to t and inserting t = 0 yields a secondproof for
Theorem5 (the justi�cation that this procedurereally exhibits the asymptotic
expansionusesthe sameargument as given in [12]). We notice here that this
\analytic" approach givesbetter error terms than the \geometric" approach
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in Section3. Nevertheless,we included the geometricproof, sinceit givesmore
insight.

Di�eren tiating twice yields

X

m;n<N

h(m; n)2 =
1
4

N 2 log2
2 N +

1
16

N 2 log2 N + N 2(log2 N ) 1(log2 N )+ N 2 2(log2 N )

+ O(N logN );

where  1 and  2 are continuous periodic functions related to the derivatives
of  (t; �). From this we compute the \v ariance"

1
N 2

X

m;n<N

h(m; n)2�

0

@ 1
N 2

X

m;n<N

h(m; n)

1

A

2

=
1
16

log2 N +  2(log2 N )�  2
1(log2 N )+ o(1):

We now use a procedurewhich is totally similar to the proof of the central
limit theorem[8, Theorem3]. From (5.11) we derive

1
N 2

X

m;n<N

exp

0

@it
h(m; n) � 1

2 log2 N
1
4

q
log2 N

1

A = e� t 2

2

�
1 + O(jtj3 log� 1

2 N )
�

: (5.12)

An application of the Berry-Esseeninequality (cf. [16{18]) to (5.12) yields
(5.1).

6 Higher Dimensions

It is now natural to ask whether it is possibleto extend the notion of Joint
SparseForm to higher dimensions.In this sectionwe will generalizethe syn-
tactic results obtained in Section2.2. It is clear that the other methods have
such a generalization,too.

Let x(1) , . . . , x(d) be integers, d � 1. A joint expansion of x(1) , . . . , x(d)

is a matrix (x(k)
j )1� k� d

0� j � `
with entries 0, � 1 such that x(k) =

P `
j =0 x(k)

j 2j for

1 � k � d. Its joint Hamming weight is the number of 0 � j � ` such that
there is a 1 � k � d with x(k)

j 6= 0. We want to �nd a joint expansionof the
given integerswith minimum joint Hamming weight.

We will now describe a method for transforming a joint expansion into a
minimal joint expansion.For a joint expansionX = (x (k)

j ), we set

A j (X ) := f 1 � k � d j x(k)
j 6= 0g:
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Let now X bea givenjoint expansionof x(1) , . . . , x(d) . If A0(X ) = ; , there is no
choice,and the column of zerosis written. If A1(X ) � A0(X ), we replacex(k)

0

by � x(k)
0 for k 2 A1(X ), which yields a new joint expansionX 0 with A1(X 0) =

; , i.e., the next column will be a zerocolumn. However, if A1(X ) nA0(X ) 6= ; ,
it is impossibleto have a zero column in the �rst two steps. Therefore, we
replacex(k)

0 by � x(k)
0 for all k 2 A0(X ) n A1(X ). This new expansionX 0 has

A1(X 0) = A1(X ) [ A0(X ), which is good sinceit may allow a zerocolumn in
the third step. This procedureis summarizedin Algorithm 2.

Algorithm 2 d-dimensionalSimple Joint SparseForm
Input: x(1) , . . . , x(d) integers
Output: (x(k)

j )1� k� d
0� j � `

Simple Joint SparseForm of x(1) , . . . , x(d)

j  0
A0  f k j x(k) oddg
while 9k : x(k) 6= 0 do

x(k)
j  x(k) mod 2, 1 � k � d

A j +1  f k j (x(k) � x(k)
j )=2 � 1 (mod 2)g

if A j +1 � A j then
for all k 2 A j +1 do

x(k)
j  � x(k)

j

end for
A j +1  ;

else
for all k 2 A j n A j +1 do

x(k)
j  � x(k)

j

end for
A j +1  A j [ A j +1

end if
x(k)  (x(k) � x(k)

j )=2, 1 � k � d
j  j + 1

end while

It is clear that Algorithm 2 yields a joint expansionX which satis�es the
following syntactical rule:

A j +1 (X ) % A j (X ) or A j +1 (X ) = ; ; j � 0: (6.1)

We call any joint expansionof x(1) , . . . , x(d) which satis�es this rule a Simple
Joint SparseForm of x(1) , . . . , x(d) . It is clear that this notion is a generaliza-
tion of the non-adjacent form (for d = 1) and the Simple Joint SparseForm
for d = 2.

Theorem 7 Let d � 1 and x(1) , . . . , x(d) be integers. Then there is a unique
joint expansion which satis�es (6.1).
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Furthermore, the joint Hamming weight of the Simple Joint Sparse Form is
minimal amongstall joint expansions.

PR OOF. The existenceof the Simple Joint SparseForm is proved by Algo-
rithm (6.1).

We now prove uniqueness.Let X = (x(k)
j )1� k� d

0� j � `
and Y = (y(k)

j )1� k� d
0� j � `

be Sim-

ple Joint SparseForms of the sameintegers x (1) , . . . , x(d) . Without loss of
generality, we may assumethat there is a 1 � k � d such that x (k)

0 6= y(k)
0 .

Since2x(k)
1 + x(k)

0 � 2y(k)
1 + y(k)

0 (mod 4), we get x(k)
1 6� y(k)

1 (mod 2). Without
loss of generality, we assumex(k)

1 = � 1. Since A1(X ) 6= ; , there is a k0 2
A1(X ) n A0(X ) by (6.1). We have x(k0)

0 = y(k0)
0 = 0 and x(k0)

1 � y(k0)
1 (mod 2).

Therefore,A1(Y) 6= ; , which implies by (6.1) that k 2 A0(Y ) $ A1(Y), hence
y(k)

1 6= 0, a contradiction.

We now prove minimalit y. Let X be a joint expansionof x (1) , . . . , x(d) of
minimal Hamming weight. For j � 0 we set hj (X ) := 1 if A j (X ) 6= ; and
hj (X ) := 0 otherwise. for j � 0. Without loss of generality, we may as-
sumethat (h0(X ); h1(X ); : : : ) is lexicographicallyminimal amongstall mini-
mal joint expansions.Moreover, we may assumethat

A j +1 (X ) � A j (X ) or A j +1 = ; ; j � 0:

This may be achieved by replacing (x(k)
j +1 ; x(k)

j ) = (0; x(k)
j ) by (x0

j +1
(k) ; x0

j
(k)) =

(x(k)
j ; � x(k)

j ) wherenecessary.

Assumenow that ; 6= A j (X ) = A j +1 (X ). Let m = minf i � j : A i (X ) = ;g
and set m(k) = minf i � j : x(k)

i 6= x(k)
j g for k 2 A j (X ). By de�nition, j + 1 �

m(k) � m. We now replace
�
x(k)

m ( k ) , . . . , x(k)
j

�
by

�
(x(k)

m ( k ) + x(k)
j ); 0; : : : ; 0; � x(k)

j

�

for k 2 A j (X ) and call the new expansionX 0. By construction, it is a joint
expansion (with digits 0; � 1). For any k 2 A j (X ), we have x0(k)

j +1 = 0: If

m(k) > j + 1, this is clear, if m(k) = j + 1, we have x(k)
j +1 = � x(k)

j and therefore

x0(k)
j +1 = x(k)

j +1 + x(k)
j = 0. This implies A j +1 (X 0) = ; . On the other hand, by

minimalit y of X , wehaveAm (X 0) 6= ; . Thuswehaveconstructedan expansion
of the samejoint Hamming weight which has smaller (h0(X 0); h1(X 0); : : : ), a
contradiction to our assumptionson X . Therefore, X is the Simple Joint
SparseForm. 2
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