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1 Intro duction

In seweral well-known cryptosystemsthe essehal operationisthe computation
of multiples and linear conbinations in an Abelian group law. We discussthe
secondoperation in a cortext, where subtraction and addition are equally
costly. The most prominert examplefor this situation is the group law on an
elliptic curve.

The standard method to computea multiple nP is the binary methal, se€[1,2].
It usesthe operationsdoubleand addP. If onewrites n in binary notation, the
onescorrespnd to theseaddition operations. In our cortext the subtraction
of P is not more costly than the addition of P. This leadsto the concept
of redundart expansions(cf. [3]). Now, the possibledigits are f0; 1g, and

1 correspndsto a subtractionof P, see,e.g., [4]. The represemation is no
longer unique, and the goalisto nd a represemation with asmany zerosas
possible,in order to have low complexity. This \Canonical Sparse Form" was
independerly discovered by many authors, and we refer to [5] for a historic
accourt. It is sometimescalled nonadjacen form (NAF), sinceit may be
characterizedby the fact that from two adjacen digits at least one must be
a zero. Only about % of the digits are non-zeroin cortrast to % in ordinary
binary expansion.The number of non-zerodigits in the NAF of n is calledthe
Hamming weight of n.

In [6] Solinasdiscusseghe problem of computing mP + nQ. Instead of com-
puting mP and nQ separately one can proceedasfollows. An approad using
unsigneddigit expansionswould usethe doubling operations and occasional
additions of P, Q, or P + Q. Now, in instanceswhere subtractions are no
obstaclesonecanallow additionsof P, Q, P, Q,P+Q,P Q, P+ Q,
and P Q.

In order to descrike this by digit expansions,we x a few notations. Given
two integersm and n, a joint exmnsionof 7 is a matrix ’;j ;g satisfying
Xj;y; 2 f0; 1gand

X . X .
m=  x2; n=y2:
j=0 j=0
Its (joint) Hamming weight is the number of nonzerocolumns

n_Xv 0O
#Jyj!ﬁo.

If one hasa joint expansionof m and n, then a 1 correspndsto an addition
of P+ Q, a 01 to an addition of P, etc. To keepthe complexity low, the
goal is to create as many double zerosg in the joint expansionas possible.



Solinasfound a canonicaljoint expansion calledJoint Sparse Form, which has
about % of the doubledigits beinga double zerog. This Joint SparseForm has
minimal joint Hamming weight amongall joint expansionsof two numbers ™.

In this paper, we want to gaina better understandingof the Joint SparseForm.

We start by consideringanother joint represetation that we call Simple Joint

Sparse Form. It has always the same Hamming weight as the Joint Sparse
Form (even more: the double zerosare in the samepositions). As the name
suggests this form is simpler, and createdin a lesselaborate way than the

Joint SparseForm. In Section2 we give an algorithm for its computation and

characterizeit in a syntactic way. Sincethe joint Hamming weigtt is the same,
we usethe Simple Joint SparseForm exclusiwely throughout this paper.

In Section3, we are interestedin geometricand topological properties of the
Simple Joint SparseForm. We construct a transducerwith 9 (essetial) states
that producesthe Simple Joint SparseForm from the binary expansionsof
two numbers x and y. Now ead of these 9 states correspnds to a certain
areain the unit square,and we thus nd a decomposition of the unit square
into 9 regionsof fractal type. It can be seenin Figure 2 as any of the four
subsquareqignore the di erent hatchings for the momen). It is proved that
theseregionsare connected;their respective areasare computed, as well as
the Hausdor dimensionof the boundaries(= 1:21:::). Pairs of numberson
the boundarieshave usually two di erent represetations, but eight numbers
have even three! The coordinates of theseeight points are computed.

The regionscorrespnd to digits, and a fortiori to the Hamming weight of a
pair of numbers m, n. Five regionscortribute one to the Hamming weigh
h(m;n), while the remaining four (of total area %) contribute zeroto it. In

Section4 we prove that = ..« h(m;n) NTZ log, N . Intuitiv ely, that is not
surprising, sincethere are about N2log, N possiblepositions, and about half
of them are non-zero. The obtained formula is more precise,as it exhibits
a periodic oscillation of order N2, and an error term that depends on the
Hausdor dimensionmertioned before.Sud a periodicity phenomenornis not
uncommonin digit courting problems.Our approad follows the elegan and
elememary method of Delange[7].

Section 5 exhibits a central limit theorem for the Hamming weight h(m; n).
It usesthe analytic madinery deweloped in [8]. With thesemethods, asymp-
totic expansionsfor expectation and variance can also be achieved, but the
oscillating term mertioned beforewould be lessexplicit in this way.

The last Section 6 briey discusseshigher dimensions. Solinas [6] remarks
that a generalizationwould require a higher-order analayueof the Joint Sparse
Form. The lack of sud an analogueis alsoregretted by Avanzi [9]. While it
might be lessobvious to obtain sud a higher dimensionalJoint SparseForm,



basedon the descriptiongiven by Solinas,it is completely natural whenstart-
ing from the ideasof the Simple Joint SparseForm, introduced and studied
in the presen paper. And, indeed,we get an algorithm for it, shav that it has
minimal Hamming weight, and characterizeit syrtactically. The NAF hasat
leasta zeroin two consecutie digits, and the (Simple) Joint SparseForm at
leasta double zeroin three consecutie double digits. Now the d-dimensional
Simple Joint SparseForm guararteesa multiple zeroamongany consecutie
d+ 1 multiple digits.

2 Sparse Forms

2.1 Joint Sparse Form

Solinas[6] calls a joint expansion ’;j )X/g of integers§ their Joint Sparse

Form, if

Of any three consecutie positions, at least oneis a double zerg (2.2)

Adjacert terms do not have opposite signs,i.e., X;Xj+1 6 landy,yj.1 6 1,
(2.2)

If XjXj+1 6 O,theny;,; = landy; = 0 (2.3)

If y;yj+1 6 O,thenx;,; = landx; = O: (2.4)

He provesthe following result:

Theorem 1 (Solinas) Every pair of integers§ has a unique Joint Sparse
Form. This Joint Sparse Form minimizes the joint Hamming weightamongst
all joint exmnsions of ;

Solinasalso gives an algorithm to compute the Joint SparseForm for given
integersor for given binary expansionsas input. His algorithm also accepts
reducedsignedbinary expansionswherereducedmeansthat (2.2) is satis ed.
We note that Solinas' Algorithm hasto know x and y modulo 8 to calculate
the least signi cant pair of digits of the Joint SparseForm, which meansa
look-aheadof two positions. The algorithm can be descrited by a transducer
which translatesa reducedsignedbinary expansioninto the Joint SparseForm
from right to left.



2.2 Simple Joint Sparse Form

We descrile a simple procedureto obtain a joint expansionof low weight; it
will turn out that this form hasthe same(i.e., minimal) Hamming weight as
the Joint SparseForm.

The key%bser\ation isthat an odd integercanberepreseted asx = (X- :::X1Xg),
e, x= ;%2 with digits x; 2 f0; 1g, wherethe parity of x; can be pre-
scribed by replacingxo by Xq if necessary

We are given two integersx andy. If both are even, then we have no choice
and have to output 8 If both numbers are odd, we choose ’;g appropriately

sothat both, (x Xxg)=2and (y Yyo)=2 are ewen, sothat a 8 will be written
the next step. If, say, x is odd andy is even, then we choosex, in sud a way
that (x Xxg)=2 (y 0)=2 (mod 2). This either leadsto 8 immediately in
the next step or in the following step. This proceduregeneratesa pair 8 after

at most 3 steps.It is summarizedin Algorithm 1.

Algorithm 1 Simple Joint SparseForm
Input: x andy integers
Output: ;‘ ;‘/g Simple Joint SparseForm
j 0
while x 6 Oory 6 0do
X; xmod2,y; ymod2

if ’;J' = i then
if (x xj)=2 1 (mod 2) then
Xj Xj
end if
if (y yj)=2 1 (mod2) then
Yi Yj
end if

else if x; 6 y; then
if (x x;)=26 (y Y;)=2 (mod 2) then
X] WERY Yi
end if
end if
X (x x)=2,y (Y Yy)=2
joi*1
end while

It is clearthat Algorithm 1 yields a joint expansion ’;j ?g which satis es



the following syntactical rules:

If jx;j 6 jyjj, then jxj.j = jyjej; (2.5)
If jx;j = jy;j = 1, thenXji1 = yj+1 = O (2.6)

We call any joint expansionof x and y with digits f0; 1g, which satis es
thesetwo rules a Simple Joint Sparse Form of x and y. Surprisingly, it turns
out that theserules are strong enoughto determine a unique joint expansion.

Theorem 2 Let x andy be integers. Then there is a unique (up to leading
8) joint exm@nsion ’;f ;g of ; with digits 0, 1 which satis es the rules
(2.5) and (2.6).

Furthermore, the Simple Joint Sparse Form has the same joint Hamming
weightas the Joint Sparse Form. Therefore, its joint Hamming weightis min-
imal amongstall joint ex@nsions.

PR OOF. The existenceis proved by Algorithm 1.

Assumethat ’;j )X/g and §§ §§ are joint expansionssubject to (2.5)
) 0

and (2.6) of the samepair of integers” . Without lossof generality, minfj xj ; jyjg

is minimal amongall pairs of integerswith at leasttwo expansions.This as-

sumption ensuresthat ig 5 ;‘,§ . Without lossof generalit, xo = x3 6 0.

This implies x; 6 x? (mod 2). I% 2]y, thenyy = yg = 0, and (2.5) implies
X1y ¥? x§ (mod 2),acortradiction. Therefore,2 -y. Then (2.6) yields

X1 = 9 and *§ = O . This is a cortradiction to x; 6 x¢ (mod 2).

y1 0 yi 0
We already obsened that (2.5) and (2.6) imply (2.1). It is clear that (2.3)
and (2.4) are fullled also. Howewer in general, (2.2) is not satised by a
Simple Joint SparseForm. Newertheless,if x;.1X; = 1, our rules (2.5) and
(2.6) imply that jy;+1) = 1andy; = 0. Therefore,replacing x;+1 X; by 0X;+1
doesnot changethe joint Hamming weight. A nite number of these simple
operationstransformsa Simple Joint SparseForm into the Joint SparseForm
without changingthe position (and therefore their number) of 8 Minimalit y
follows from the minimality of the Joint SparseForm. 2

We emphasizethat the computation needsinformation modulo 4 only. It is
thereforeno more a surprisethat it canbe realizedby a transducerwith look-
ahead of one only. This motivates the epitheton simple We now construct
this transducer which readsthe binary expansionof * from right to left and
outputs their SimpleJoint SparseForm. Although in principle, we could admit
arbitrary signedexpansionsasinput, we refrain from doing sosincethis would
lead to an automaton with 26 states. At any stage,the following information



has to be available: the previously read pair of digits and the current pair
of digits and information about a possiblecarry, sincea 1 may have been
replacedby 1. Sincethe carry is addedto the previously read pair anyway,
we represem states by the sum of the previously read pair and the pair of
carries. This yields 9 statesrepreseting f0;1;2g f0;1; 2g. From someinitial

state, there is an edgeinto the appropriate state which readsthe rst pair
of digits but doesnot output anything. It is understood that we read some
leading pairs of zerosuntil no further carriesare left, i.e., we reat state 8
We attach integer labels to statesin a more or lessarbitrary fashion since
we will consideradjacencymatrices. The correspndencebetweentheselabels
and the pairs of carriesplus digits is as follows:

Iabel‘1234567
0
1

No | 00
©

N -

012
state‘o 12

=N

12
00

The resulting transduceris shovn in Figure 1.

3 The Geometry of the Simple Joint Sparse Form

The aim of this sectionis to understand the Simple Joint SparseForm from
left to right. We are interestedto \know" in which state we are after k steps.
Figure 2 shows the situation for k = 11 and all pairs of integersO  x;y
212 1,

Figure 2 suggestghat there is an underlying fractal structure. This structure
will be studied in this section.We will prove

suchthat the pair of digits (Xx;yx) of the simple Joint Sparse Form of the pair

of integers(x; y) can be computed fromtheindexi for which(fx2 k 1g;fy2 k 1g) 2
A; and the pair of digits ( k+1; k+1) Iin the (classial) binary exmnsion of
(X;¥). The union of the setsA; hasLelesguemeasure 1, and their boundaries
have Hausdor -dimension 1:2107605332: .. Furthermore, the index i decides

on the Hamming weightof the output, and the measure of the union of those

A; which yield positive Hamming Weightequals%.

It is clearthat the k-th state when reading; in their classicalbinary expan-

sions
X . X .
X = 25 y= 2
i=0 i=0
X
y

dependson the k leastsigni cant digits, i.e., * mod 2¢ only. The output digits



Fig. 1. Automaton for calculating the Simple Joint SparseForm from the binary
expansionfrom right to left. The symbol " denotesthe empty word.

(Xk 1;¥Yx 1) in the Simple Joint SparseForm

X2 X2
x=  x2; y= y2
j=0 j=0

depend on the k + 1 least signi cant digits, or equivalertly, on the k-th state
and on ( x; k). Sincethe state is the interesting information to be found, we
renormalizepairs of integerslessthan 2% by dividing through 2%, which yields
points in the unit square.The above mertioned fractal would then result from
letting k tend to in nit y. In order to prove cornvergencewe de ne functions
on pairs of words of digits f 0; 1g of length k asfollows



8 3 8 3
7 2 6 7 2 6
1 5 1 5
4 4
9 9
8 3 8 3
7 2 6 7 2 6
1 5 1 5
4 4
X10 0 0 0 1 1 1 1 1 1
Y10 0 1 1 0 0 1 1 1 1

color | 1| 777 T (000 0|1 7 NN =

Fig. 2. 11" state and output digits ’;ig when reading all pairs ;‘/ of integersup to
22 1. (The output digit ;ig of;‘/ is given by the \color" of the \pixel" in position

(X;y).)

wherethe expressionon the right meansapplication of the pair of wordsto all
states of the automaton in Figure 1. Thus the imageof  is a set of states.
Furthermore,

k+1 non " k non n ;
1 2 k+1 1 2 k

which implies existenceof the limit
! !

1 2 . 1 2 k
non = Ilm k non n (31)
12 ki1 12 k

The function denedon(f0;1g f0;1g) iscorntinuousin all points which
have a singletonimage.

Remark 4 In the alove description the sequene  is calculated by the au-
tomaton in Figure 1 by reading digits from right to left. Certainly, it would be
more desirableto havea description of  in terms of the digits in \natur al"
order, i.e., from left to right. This is indeed possible:We construct an automa-



state g by the pair of digits . will be denotal byg . in orderto avoid any
confusion. It is given by
I ol

g . (@{MH:=g ,

forl1 i 9. Theinitial stateis theidentity map. It turns out that 750 states
are actually reachal. If wereacha constantmapg(i) = j foralll i 9 after
reading .* o , wehave .} K = fjg. In that way, we obtain one

single pairlof digits. However,it lmightk happen that we do not reach a singleton
after reading k digits for any nite K.

We now warnt to prove that descendgo a function on [0; 1]* by
! !

b3 b3

2" 2 o=

n=1 n=1

For this purposewe note the simple facts that
!
.. Fl:::;9g isasingleton( ;" 2 f0;1Q) (3.2)
and I [
-k -2
01 I = 01 i (;"210;19) (3.3)

forallk 2andalli2f1;:::;99. In orderto prove that
|

1 k1 0 O 0 1 k 0 1 1 1
k+ : n n n n n n - k+‘ n n n n n n
1 k k+1 k+2 k+3 k+ " 1 k k+1 k+2 k+3 k+°

for ™ 9it issucient by (3.2) and (3.3) to chedk
10 0 01 1

1" ll9 Illll2 ll9

coordinate are interchanged.Thus is well-de ned on [0; 1> and cortinuous
in all points which have a singletonimage.

We want to descrike the sets

A =f(xy) 2 [0;1F] (xy) = fjgg
Vi = f(xy) 2 [01F)) 2 ( xY)g

topologically. The setsA; are open by the cortinuity properties of . For a
point (x;y) 2 V; and any k the sux after k (most signi cant) digits of the

10



digital expansionsof (x;y) canbe alteredto (X, y) sothat ( x;y¥) = fjg. This
impliesA; 'V,  Aj. On the other hand for a point (x;y) 2V, by a similar
argumert a neighbourhood of this point is in the complemen of V,. Thus
Vi = A

Any neighbourhood of a point (x;y) with fi;jg ( X;y) cortains points
(x%y9 2 A; and (x®y° 2 A; by the above argumerts. This implies that
(x;y) 2 @4 andint(V;) A; V;, which yieldsint(V;) = A;.

We now want to characterizethe setsA; and V, in the languageof graph
directed setsasintroducedin [10]. For this purposewe introducethe maps

N Xt o y+
f.(xy) = 5> ' o
It is clear from the de nition that
!
(f-xsy)= ., (xy): (3.4)

Equation (3.4) leadsus to the de nition
F(S1;:::;Sg) = (Fu(S1;:::5Se); 000 Fo(Syyii:3 Se)); (3.5)

where [
Fi(S;::05Se) = f(§);
i
i=( )]
whereS,  [0;1F. SinceF acts as a cortraction on the compact subsetsof

Fi(Ag i Ag) Ay (3.6)
Fi(Vi;i:: Vo) = V, (3.7)

Next we want to prove that the setsA; are connected.We introducethe open
sets
0 ! 1
. [ 1 " 1
O = int@ §+ + ==+ + = + 0= A:

a1 w2)=fig

11



2 L5
Og O3
Fig. 3. Left: the setsO;.

Oy
Right: The dark gray areasrepresen the left image after one application of the
functions f ..

Thesesetsare shown in the left imageof Figure 3. The setsO; are connected
and

Oj VJ .
The right imagein Figure 3 shows that

Thereforethe setsA; = int(V;) are connected.

In the following we want to study intersectionsof two or three setsV; . Clearly,
we have for pairwise distinct i; j; k

n (0]
WMFW\W%WWZWW”HQ(KWQ

Viijk = I\ Vi Vo= (xy) 2 [0;1Fj fisj; kg (xy)

Thesesetscan be generatedby the automata in Figure 4 and Figure 5. These

(only thosewhich correspnd to non-empty intersectionsare drawn) and the
obvious transition functions. In order to generatea point in V;j; 4 We start in

12



the state labeledwith i; j andfollow the arcsin the reversedirection. The triple
intersectionsare singleton sets,which will be called\three courtry borders":

12 13 21 2 4

o =V g = Viewss  mg = Vhizug g = Viasoeg

55 f1;2;79 55 f2;7;89 55 f1;2;49 55 f2;8;99

31 34 4 2 4 3

— = = Vio.45q; - = = Vio.3.94; - = = Vio.sgq. == = Vioagy:

55 f 2;4;59 55 f2;3;99 55 f2;5;69 55 f2;3;69
> 5;6

w
(o]
|
rrllor

7.8 )%

rol|loo
A
=
~

Fig. 4. The automaton generating the points in the setsVy;; g.

Now, we want to computethe Lebesguemeasures (V;) of the setsV, and the
Hausdor -dimension of @;. It is an immediate consequenc®f the de nition
that

[9
V; = [0; 1]

i=1

13



Fig. 5. The automaton generating the \three courtry borders" Vs, g
Furthermore, from (3.7) we can conclude

1 X

)3 ) (3.9)
[

(")j=i

> >
(Vi) (V);

i=1 i=1

0 1
X X
(V) = %@ V) (Vi \ W) + triple intersections\;

I J<ki 1 2"
(M)i=i (1"1)j=i
(2:"2) k=i
and we know that the triple intersectionsconsistof singlepoints only, we can
concludethat (V;\ VW) = Oforj 6 k, and tiaereforethe boundariesof the
setsV; have measure0. Furthermore, we have ; (Vi) = 1, which yields

(VW)= (W)= (W)= (W)= g
V)= (V)= (V)= (Vo)= 1—16;
(Vo) = %1

For computing the Hausdor -dimension of the boundariesof the setsV, we
notice that the sets\V;;; 4 de ned in (3.8) satisfy the relation

[
Viij g = o (Vi) (3.10)

kg
(") fkig=fijg

This obsenation brings us in the context of graph directed setsasintroduced
in [10]. The box-dimensioncan be computedfrom the dominating eigervalue

14



of the adjacencymatrix of the \b oundary automaton™ givenin Figure 4. This
eigervalue is the positive root  of the equation

x3 2%+ x 4=0: (3.11)
This yields
. |
dimg (@) = = % = 1:2107605332885233950 (3.12)

For technical reasonswe introduce the set Vi, = @O0; 1]>. Then we consider
the open sets

Arijg= (Xy)2int(Vi[ V) j8k 2 f1;:::;10gnfi; jg:d((X;y); Viijg) < d(Xy); Vi)

whered((x;y);K) := minfd (x;y);(Xx;y) | (x;y) 2 Kg for any compact set
K and whered denotesthe Euclidean distanceon R?. Thesesetssatisfy

[
fo(Arkrg)  Asijg (3.13)

kg
("M fkig=fijg
with the union being disjoint. This is the open set condition which by [11,
Theorem 9.2] implies that the Hausdor -dimension of V4 4 equalsits box-
dimension.Thus we have
. I
dimy (@) = % = 1:2107605332885233950 (3.14)

Figure 2 exhibits a rotational structure which hasnot beendiscussedyet. This
is a natural property of the underlying problem on elliptic curves:sincethere
isasymmetryin the algorithm descritedin the introduction betweenthe pairs
of points (P;Q) and (P + Q;P Q) the map (x;y) 7! (x+ y;x y) should
presene the structure of the setsA;. We will prove now that this is indeedthe
case.For this purposewe introducethemap T : (x;y) 7! (x+y mod 1;x vy
mod 1). This map satis es

T(A2) Al As[ As[ Ag; (3.15)
T(As[ Asl A7[ Ag) Az
T((A1\ foo(A2)) [ (Az\ f11(A2)) [ (As\ f10(A2)) [ (As\ foi(A2)))
Asl Asl A7l Aq;

T((A1nfoo(A2)) [ (Asnfii(A2)) [ (Asnfio(Az)) [ (Asnfoi(Az)))
Al Azl As[ Ag:

Adding or subtracting two numbers given in their Simple Joint SparseForm
is digit-wise addition (or subtraction) and subsequen correction by the rule

15



©O; 2) 7! ( 1,0) by (2.6). We demonstraterelation (3.15); the proof of the
other relations is similar: let (x;y) be givenin its Simple Joint SparseForm.
The condition (x;y) 2 A, is equivalert to

!

x _0:1

y - 01" (in Simple Joint SparseForm!),

since 2 is the unique state which producestwo non-zero digits as output

(cf. Figure 2). Since " = 0 we have

X+y _

1:0
in Simple Joint S F :
Xy 0:0 (in Simple Joint SparseForm)

Therefore, T(x;y) 2 A, for a state i, which producesthe output ¢, i.e.,i 2
f1,;3;5; 8g.

4 Geometric Approac h for Estimating the Joint Hamming Weight

In this sectionwe give a derivation for an asymptotic formula for the mean
of the Hamming weight of the Joint SparseForm. The proof follows the ideas
usedby H. Delangein [7].

Theorem 5 The Hamming weight of the Joint Sparse Form of two positive
integers satis es the following asymptotic formula

S(N) = X h(m;n) = N?zlogzN + N? ;(log,N) + O(N ); (4.1)

m;n<N

where ; is a continuous periodic function of period 1 and is givenby (3.12).

0.74 |
0'72 | A A
9.5 1) 10.5 11

0.68

0.66 |
0.64 |

0.62 t

Fig. 6. Plot of S(N)=N?2 %IogzN over log, N for N = 512 :::;2048.

16



PR OOF. Theorem3 statesthat the cortribution of the pair of digits (X; yk)
to the Hamming weight of the Joint SparseForm of the pair (m; n) equals

m n .
H oot ; T ; whereH = int(Ma[ Va[ Vs[ V7 [ Vo):
Notice that (H) = 3. It followsimmediately that
X X m n X X m n
S(N) = = v T vy
k=0 m;n<N k=0 m;n<N
(4.2)
with K = blog,Nc+ 2 and
Hy = [ m2 X Lm+1)2%1Y) M2k Lm+1)2kY: 4.3
(m;n)22k+1 H\ 2
This enablesus to rewrite the sum as an integral
zz
m n
S(N) = He St ; S dmdn: (4.4)
o2

Setting t = N2 X 2 [1;3), substituting m = 2¢x and n = 2€y in the

integrals, and reversing the order of summation yields

ZZ n on 0
S(N) = 4¢ Hy 2< Ix ; 21y dxdy:
“=Qoire

k

We rewrite this as

1 w ZZ n on 0 1
S(N) = é(K + 1)(t2¢)% + 4¢ ho 2o 2K Yy > dx dy
“=Oo:2
w ZZ n on )
+ 4 He «  H 2 21y dxdy: (4.5)

“=Ooi2
We remark that t is a rational number with denominator2X and thereforethe
integral

zz n on ) 1
ho 2 Ix o 2k Yy 5 dxdy= 0 fork> K;

[0;t]2
since (H) = % Thus we can extend the secondsummand in (4.5) to an
in nite sumwithout changingits value. It is natural to de ne the cortinuous
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function

zz n o n 0
(t)= o 2 2y
k=072

dx dy:

NI

Simple computationsyield ( 3) = s-and ( 3) = 3.

We now treat the third summandin (4.5). For this purposewe haveto estimate
the integral

zz n on 0
(w W) 2% ; 2%y dxdy
[0;t]?

Zz n on 0 Zz
= (w n) 2% ; 2%  dxdy+ dx dy:
[0;2 k+1p2k 1tc]2 [0;t]2n[0;2 K+l p2k 1tc]?
(4.6)
We set 77
V= ( n H) (X y) dxdy
[0;1)2

and remark that by the de nition of the box dimensionand the argumerns
given in Section 3 we have - = O((=4)), where is given by (3.11).
Thus the rst integral in (4.6) equals (2 ¥*'b2* 1tc)?; the secondinte-
gral is O(( =4) 2 ¥), sinceit can be written as a sum over O(2%) integrals
over squaresof side-length2 “*1 | and ead integral gives a cortribution of

O((=4)).

Summing up we obtain

| |

N 2 X k 1t 2 X K k
S(N) = —-(K+1)+4 < ( 1)+4¥ b2t 2 K
k=0
4.7)

Rewriting this and observingthat the last summandis O( ) = O(N ) we

obtain

N 2 X
S(N):7(K+1)+4K(t)+4Kt2 K K
k=0
X fk 1t X f2k 1tg?
24Kt Tngk""]'K TgKk+O(N)
k=0 k=0

=|\ITZ(K+1)+4K(t)+ N2 k+ O(N ); (4.8)
k=0

18



wherewe have usedthat , = O(( = 4)¥). InsertingK = log, N flog, Ng+ 2
and usingt = 2/°92N9 2 e gbtain

!
2

S(N) = N—IogzN+N2 3 }flogzNg+ 42" logNg - oflogaNg 2 * k +O(N ):
2 2 2 k=0
(4.9
We notice herethat a simple computation involving the adjacencymatrix of
the automaton in Figure 1 provesthat

b3 3

k=0

The function

27 1
- = —f + 42f X9 2fxg 2
1(X) 16 2 Xg

is a periodic function with period 1, which is trivially cortinuousin [0; 1).
Furthermore, 1(0) = limy, 1 1(X) = % Thus the theoremis proved. 2

5 Exponential sums and Central Limit Theorem

In this sectionwe will prove a certral limit theorem for the Hamming weight
of the Joint SparseForm.

Theorem 6 The following equation holds uniformly for all x 2 R and any
n > O

8 9
< h(m;n) 1log, N = Z x 2 .
i#_m;n<Nj ( q) 2 9% < X, :p1: e zdt+O (logN) s*
N2~ - 1" log, N ’ 2 1
4 2
(5.1)

The automaton for calculating the Simple Joint SparseForm givenin Figure 1
canalsobe usedto computethe Hammingweigh of the represetation (simply
map any output di erent from 8 to 1). Furthermore, the Hamming weight
which results from a transition from i to j dependson i only, cf. Figure 2.

Therefore,there is no look-aheadneededfor calculating the Hamming weigHt.

For the proof of Theorem 6 we use exponertial sums. For this purpose we
calculate

f (m;n) = ¢h(mn
in terms of the binary digits of m and n. For eat pair of digits ( ;") we
de ne amatrix M . in the following way: its (k;)-th ertry equalse™, if the
automaton reads( ;") and writes h while going from state k to state * and O

19



otherwise(z = €')

O 1000000007 O 9000002001
100000000 000000010
020000000 000000007z
100000000 020000000

Moo= B0002z00000; Mg =B0z0000000¢,
' 020000000 020000000
100000000 000000010
000000200 000000010

00200000007 00000000107
000200000 020000000
000010000 001000000
000002000 001000000
000010000 020000000

M1o=B000010000¢ Mi1=B00000z000:
' 000010000 001000000
020000000 020000000
020000000 000000007z
020000000 001000000

Then it is an immediate consequencef the de nition of the matrices M .-
that

N3
f(m;n)= v Mmn.nMgeW; (5.2)

for

and

¥' = (1;0;0;0;0;0;0; 0; 0):
The factor Mg;o addstwo leading Osto the expansionsof m and n to output
the possiblecarriesthat could still occur.

The function f (m; n) canbe expressedn terms of the \biv ariate 2-multiplicativ e
matrix function” (cf. [12])

M (m;n) = v Mm. . (5.3)
=0

We recall herethat a (scalar) function * is 2-multiplicativ e (cf. [13]), if
!

X
' "2 o= (M)
=0 =0

We now study the summatory functions
E(N): X eith(m;n);
m;n<N
F(N) = M (m;n):
m;n<N
The function F satis es the relations

Xt X Xt
F(2N) = M@2m+ ;2n+")= M .F(N)

;"=0 2m+ <2N ;'=0
2n+"< 2N
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and

XX
F(2N + 1) = M@2m+ ;2n+")
"=0 2m+ <2N +1
2n+"< 2N +1

Xt X X
= M ..F(N)+ M (2N;n) + M(m;2N) + M (2N;2N):

"=0 n< 2N m< 2N
. P,
Setting A = w20 M » and

Gi(N) = X M(N;n); Ga(N) = X M(m;N) (5.4)

n<N m<N
we can rewrite this as

F(2N) = AF(N)

55
F(2N + 1): AF (N)+ Bl;oGl(N)+ Bz;oGz(N)'*‘ Mo;oM (N,N), ( )
where Bl;O = Mo;o + MO;l and Bz;o = Mo;o + Ml;O-
The functions G; and G, satisfy the recurrencerelations
Gi(2N) = B;.oG;(N

Gi(2N + 1) = B;.1Gi(N) + C;M (N;N)

whereBy1 = Myo+ My, Bog = Mo+ My, Ci = My, and C; = M.
Iterating (5.6) yields

G "y = " Bir C Mo o (5.7)

Inserting (5.7) into (5.5) and iterating yieldsF(N) = Fo(N)+ F;(N) + F2(N)
with (i = 1;2)

* S . Y
Fo "2 =" "AMg M .;

‘=0 *=0 p="+1

R N S 2 ¥ 8
Fi 2 = ‘A Bi;O j Bi;"kCi M"k;"k:

'=0 =0 j="+1  k="+1 k=j+1

The matricesM .- only have eigervaluesO and 1. The matrices B;- have the
characteristic polynomial

x8(x 1) x2 x 2e' ;
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wherethe roots of the last factor arelessthan 2 in modulus. The characteristic
polynomial of the matrix A is

x(x 1) x> x 2¢" X3 X2 gdix 16
The dominating eigervalue (t) is a root of the fourth factor and has the
following Taylor expansionaroundt = 0

. 5t2  25t3 1314
=4+ 2 — +
() t g 1ozt G144

+ O(tY); (5.9)

furthermore, j (t)j 4. We will denote the modulus of the secondlargest
eigervalue by (t). Numerical studies shav that 2 = (0) (1) ()=
3:04276:: ..

Sincethe argumerts follow the samelines asin [8], we only give a sketch of
the proof. We split the sumsin (5.8) into the cortribution which comesfrom
the dominating eigervalue and a remainder term, which originates from the
other eigervalues.Let T AT = diag( (t);:::) be the diagonalization of A
and = Tdiag( (t) %;0;:::;0)T i Wedene

. al
o((Xo;X1;::7)) = X Moo  My,x,
=0 p=0
X1 a1 t (5.10)
i ((XO; X1, .. )) = X Bi;O X Bi;kai Mxk;xk;
=0 j=0  k=j+1 k=0
where J-b:az,- = 7ZyZp 1 Za. Furthermore,weset = w'( o+ 1+ Z)Mg;ov.

The function is cortinuouson the in nite product spacef 0; 1g °. Usingthis
notation we can write

E(N) = (09" ()" N9 (( ;" 4;0:057"0;0))) + O(N logN):

SinceE(N + 1) E(N) = O(N) by de nition, descendgo a cortinuous
function on [1; 2] by a generalargumert givenin [14]. Seealso[15].

Thus we have for jtj = o(log 3 N)

X glth (min) — N2+2|gT ﬁ+0(t3) (t; |092N) + O N'g2 O (5_11)
m;n<N
for the cortinuous periodic function (t;log,N) = (t)f '092Ng (2 flog;Ngy,

Di erentiation with respectto t and inserting t = 0 yields a secondproof for
Theoremb5 (the justi cation that this procedurereally exhibits the asymptotic
expansionusesthe sameargumen asgivenin [12]). We notice herethat this
\analytic" approad givesbetter error terms than the \geometric" approadh
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in Section3. Newerthelesswe included the geometricproof, sinceit givesmore
insight.

Di erentiating twice yields

h(m; n)? = %N %logs N + 1i6N %log, N+ N?(log,N) 1(log,N)+N? ,(log,N)

m;n<N

+ O(N logN);

where ; and , are cortinuous periodic functions related to the derivatives
of (t; ). From this we computethe \v ariance”

0 1,

X
h(m;n)A = 1—16IogzN+ 2(log, N) f(logzN)+ o(1):

h(m; n)?

1
N 2 m;n<N N 2

m;n<N

We now use a procedurewhich is totally similar to the proof of the certral
limit theorem[8, Theorem 3]. From (5.11) we derive

0 1

X h ll t2 1
exp@t "M rl)l °RNA - e % 1+ 0(tflog EN) : (5.12)
og; N

m;n<N

1
N2

-hll—‘

An application of the Berry-Esseeninequality (cf. [16{18]) to (5.12) yields
(5.2).

6 Higher Dimensions

It is now natural to ask whether it is possibleto extend the notion of Joint
SparseForm to higher dimensions.In this sectionwe will generalizethe syn-
tactic results obtainedin Section2.2. It is clearthat the other methods have
sud a generalization,too.

Let x®, ..., x(d) be integers,d 1. A joint exmnsion of x®, ..., x@
is a matrix (x )1 X with ertries 0, 1 sud that x® = =, xj(k)2J for
1 k dlts Jomt Hammlng weight is the number of 0 | " sudh that

thereisal k dwith xJ )6 0. Wewant to nd a joint expansionof the
given integerswith minimum joint Hamming weight.

We will now descrike a method for transforming a joint expansioninto a
minimal joint expansion.For a joint expansionX = (xj(k)), we set

AiX):=f1 k djx" 6 0g:
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Let now X beagivenjoint expansionof x®, ..., x@ If Ao(X) = ;, thereisno
choice,and the column of zerosis written. If A;(X) Aq(X), we replacexg‘)
by x{ fork 2 Ay(X), which yields a newjoint expansionX ®with Ay(X 9 =
., i.e., the next columnwill be a zerocolumn. However, if A;(X)nAq(X) 6 ;,
it is impossibleto have a zero column in the rst two steps. Therefore, we
replacexgk) by xgk) for all k 2 Ag(X) nA1(X). This new expansionX ° has
A1(X9 = A (X) [ Ao(X), which is good sinceit may allow a zerocolumnin
the third step. This procedureis summarizedin Algorithm 2.

Algorithm 2 d-dimensionalSimple Joint SparseForm

Input:  x®, ..., x@ integers

Output: (xj(k))l « 4 Simple Joint SparseForm of x4, ..., x(@
. 0
] 0

Ay fkjx® oddg
while 9k : x®) 6 0do
x9 x®mod2,1 k d
A Tkjx® x*M=2 1 (mod 2)g
if Aj +1 Aj then
for all k2 Aj+, do

Xj(k) Xj(k)
end for
Aj+1 ;
else
for all k2 Aj nAj4; do
Xj(k) Xj(k)
end for
Aj +1 Aj [ Aj +1
end if
x00  (x® xM=2,1 k d
joi+1
end while

It is clear that Algorithm 2 yields a joint expansionX which satis es the
following syrntactical rule:

A (X) %A (X)orAa(X)=:; | O (6.1)
We call any joint expansionof x| ..., x(@ which satis es this rule a Simple
Joint Sparse Form of x| ..., x(@ It is clearthat this notion is a generaliza-

tion of the non-adjacem form (for d = 1) and the Simple Joint SparseForm
ford= 2.

Theorem 7 Letd 1andx®, ..., x@ peintegers. Then there is a unique
joint exmansion which satis es (6.1).
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Furthermore, the joint Hamming weight of the Simple Joint Sparse Form is
minimal amongstall joint ex@nsions.

PR OOF. The existenceof the Simple Joint SparseForm is proved by Algo-
rithm (6.1).

We now prove uniquenesslLet X = (x( ))1 k gandyY = (yj( ))1 k ¢ be Sim-

ple Joint SparseForms of the samelntegersx(l) oo, X, Wlthout loss of
generality, we may assumethat thereisal k d sud that x(k) 6 y(k).
Since2x(1k) + xE,k) (k) + y(k) (mod 4), we getx(k) k) (mod 2). Without
loss of generality, we assumex(l) = 1. Since Al(X) 6 ., there is a k° 2
A1(X) nAo(X) by (6.1). We have x§7 = y§? = 0 and x{?  y{ (mod 2).
Therefore,A1(Y) 6 ;, which impliesby (6.1) that k 2 Ap(Y) $ AL(Y), hence

y(") 6 0, a cortradiction.

We now prove minimality. Let X be a joint expansionof x®, ..., x(@ of
minimal Hamming weight. For j 0 we seth;(X) := 1if Aj(X) 6 ; and
h; (X) = 0 otherwise. for j 0. Without loss of generality, we may as-

sumethat (ho(X);hi(X);:::) is lexicographically minimal amongstall mini-
mal joint expansions.Moreover, we may assumethat

Ajiaa(X) AX)orAja =;; j O

This may be adiieved by replacing (xj('i)l,x(k)) = (O,x(k)) by (XJ +1 XO(k)) —

(x j(k), j(k)) where necessary

Assumenow that ; 6 Aj(X) = Aj.(X). Let m = minfi | : Ai(X) = ;0
and setm® = minfi j :x & xj(k)g for k 2 A;(X). By de nition, j + 1
m®  m. We now replace xg:()k), ...,xj(k) by (XE:()k) + xj(k));O; 0 xj(k)
for k 2 A;(X) and call the new expansionX © By construction, it is a joint

expansion (with digits 0; 1). For any k 2 A;(X), we have x‘f'i)l = 0:If

m® > j + 1, this is clear, if m® = j + 1, we have xj('i)l = (k) and therefore

Of'f)l = xj('i)l + x(k) = 0. This implies Aj+1 (X9 = ;. On the other hand, by
minimality of X , We have A (X9 6 ;. Thuswe have constructedan expansion
of the samejoint Hamming weight Which has smaller (ho(X 9; hy(X9;:::), a
cortradiction to our assumptionson X . Therefore, X is the Simple Joint
SparseForm. 2
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