
Ordinary Generating Functions

A(z) =
∑
n≥0

anz
n a0, a1, a2, . . . , an, . . . ,

B(z) =
∑
n≥0

bnz
n b0, b1, b2, . . . , bn, . . . ,

right shift

zA(z) =
∑
n≥1

an−1z
n 0, a0, a1, a2, . . . , an−1, . . . ,

left shift

A(z)− a0

z
=
∑
n≥0

an+1z
n a1, a2, . . . , an+1, . . . ,

index multiply (differentiation)

A′(z) =
∑
n≥0

(n+ 1)an+1z
n a1, 2a2, . . . , (n+ 1)an+1, . . . ,

index divide (integration)∫ z

0

A(t) dt =
∑
n≥1

an−1

n
zn 0, a0,

a1

2
,
a2

3
, . . . ,

an−1

n
, . . . ,

scaling

A(λz) =
∑
n≥0

λnanz
n a0, λa1, λ

2a2, . . . , λ
nan, . . . ,

addition

A(z) +B(z) =
∑
n≥0

(an + bn)zn a0 + b0, a1 + b1, . . . , an + bn, . . . ,

difference

(1− z)A(z) = a0 +
∑
n≥1

(an − an−1)zn a0, a1 − a0, . . . , an − an−1, . . . ,

convolution

A(z)B(z) =
∑
n≥0

( ∑
0≤k≤n

akbn−k

)
zn a0b0, a1b0 + a0b1, . . . ,

∑
0≤k≤n

akbn−k, . . . ,

partial sum

A(z)
1− z

=
∑
n≥0

( ∑
0≤k≤n

ak

)
zn a1, a1 + a2, . . . ,

∑
0≤k≤n

ak, . . . ,

1



Exponential Generating Functions

A(z) =
∑
n≥0

an
zn

n!
a0, a1, a2, . . . , an, . . . ,

B(z) =
∑
n≥0

bn
zn

n!
b0, b1, b2, . . . , bn, . . . ,

right shift (integration)∫ z

0

A(t) dt =
∑
n≥1

an−1
zn

n!
0, a0, a1, . . . , an−1, . . . ,

left shift (differentiation)

A′(z) =
∑
n≥0

an+1
zn

n!
a1, a2, a3, . . . , an+1, . . . ,

index multiply

zA(z) =
∑
n≥0

nan−1
zn

n!
0, a0, 2a1, 3a2, . . . , nan−1, . . . ,

index divide

A(z)−A(0)
z

=
∑
n≥1

an+1

n+ 1
zn

n!
a1,

a2

2
,
a3

3
, . . . ,

an+1

n+ 1
, . . . ,

addition

A(z) +B(z) =
∑
n≥0

(an + bn)
zn

n!
a0 + b0, . . . , an + bn, . . . ,

difference

A′(z)−A(z) =
∑
n≥0

(an+1 − an)
zn

n!
a1 − a0, a2 − a1, . . . , an+1 − an, . . . ,

binomial convolution

A(z)B(z) =
∑
n≥0

( ∑
0≤k≤n

(
n

k

)
akbn−k

)
zn

n!
a0b0, a1b0 + a0b1, . . . ,

∑
0≤k≤n

(
n

k

)
akbn−k, . . . ,

binomial sum

ezA(z) =
∑
n≥0

( ∑
0≤k≤n

(
n

k

)
ak

)
zn

n!
a0, a0 + a1, . . . ,

∑
0≤k≤n

(
n

k

)
ak, . . . ,
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